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Abstract

We consider a new class of estimators for volatility functionals in the setting
of frequently observed Ito diffusions which are disturbed by i.i.d. noise. These
statistics extend the approach of pre-averaging as a general method for the es-
timation of integrated volatility in the presence of microstructure noise and are
closely related to the original concept of bipower variation in the no-noise case.
We show that this approach provides efficient estimators for arbitrary powers of
volatility and obtain as a by-product a simple test for the presence of jumps in

the underlying process.
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1 Introduction

The last years have seen a rapidly growing literature on the estimation of volatil-
ity in case of high frequency data. Starting from the representation of (log) price
processes as Ito diffusions, which are widely accepted as a reasonable model for
stock or currency prices, empirical research suggests that the true observations
are contaminated by microstructure noise, which collects deviations from the
true and the observed prices that are due to bid-ask spreads or round-off errors,
for example. These effects seem to have a huge impact on the performance of
the classical estimators in the pure diffusion case, which explains the need for a
general theory of the treatment of microstructure noise.

Throughout this paper we will focus on a general nonparametric setting, thus

the underlying diffusion process is characterised by the equation

t t
X =X, +/ as ds +/ os dWs, (1.1)
0 0

whereas (as) denotes a predictable locally bounded drift and (o) a cadlag volatil-
ity process. Since we are dealing with high frequeny data, we assume the process
to live on a fixed time interval, [0,1] say. Our main quantity of interest is the
integrated volatility fol o2ds, for which the realised variance is a natural estima-
tor in the case of non-noisy observations. See for example Andersen et al. |[3]
or Barndorff-Nielsen and Shephard [6]. Microstructure noise is commonly mod-
elled as an additive error, which fulfills some moment conditions and essentially
behaves like a white noise process. However, a more general setting is possible
and was discussed in Jacod et al. [14].

It was shown in Zhang et al. [22]| that the realised variance becomes incon-
sistent when dealing with microstructure noise, which started the search for new
methods to solve the problem of volalitity estimation in this context. Up to now,
there exist three approaches to this question. Zhang et al. [22] and Zhang [21]
used linear combinations of increments at different time lags to define a subsam-
pling estimator, whereas Barndorff-Nielsen et al. [5] proposed a kernel based
estimator, which essentially consists of a weighted sum of autocovariances. The
method of pre-averaging over small intervals was introduced in Podolskij and
Vetter [18] and to a first extent generalised in Jacod et al. [14]|. Each approach
provides consistent estimators and achieves the optimal rate of convergence of
n~1 in a stable limit theorem.

In this paper we propose a class of bipower-type estimators which are pre-
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averaged analogues of the realised bipower variation

4+l -1

BV(X,l,r), =n" Z|A”X\ AT X (1.2)

which was considered in Barndorff-Nielsen et al. [4]. This new class extends the
concept of modulated bipower variation as defined in Podolskij and Vetter [18|
in a natural way. We prove stochastic convergence and state joint central limit
theorems for the bipower-type estimators, both for any choice of non-negative
powers [ and r.

As a by-product this approach solves the problem, how to test for jumps of
the process X in the presence of microstructure noise. The question, whether
the underlying price process has continuous paths as in (1.1) or exhibits jumps
and therefore should be defined as a realisation of a general semimartingale of

the form
Xy = Xo+B+X+rx(p—v)+r *p, (1.3)

was in the no-noise case studied by Barndorff-Nielsen and Shephard [7] and
Ait-Sahalia and Jacod [1|, among others. A precise definition of the processes
involved will be given later. In this setting we are able to construct a simple
estimator for the sum of squared jumps in the realisation of the process, which is
given by a linear combination of two bipower-type statistics with different powers
[ and r. By means of a joint central limit theorem we obtain two simple tests for
the presence of jumps, both under the null hypothesis of no jumps.

This paper is organised as follows: In Section 2 we state the assumptions and
define the class of bipower-type statistics. Section 3 is devoted to the asymptotic

results, whereas Section 4 deals with their proofs.

2 Assumptions and definitions

We assume that the underlying continuous process X = (X;); is a diffusion
process as given in (1.1), which is defined on an appropriate filtered probability
space (Q©), FO) (E(O))te[o,l}, PO). As noted before, we assume further that the
process lives on the time interval [0,1].

Since we are dealing with microstructure noise we have to define a second pro-
cess Z = (Z;)y, which is somehow connected to the underlying Ito semimartingale
X. We restrict ourselves to the case of i.i.d. noise, which means that the observed
data are given by

Zy, . =X, + Uy, (2.1)
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at each observation time t,,;, where Uy, t € [0, 1], is an i.i.d. noise process inde-
pendent of X with

E[U)=0 and  E[U}] =w (2.2)

Furthermore, we assume that for each n the observation times are given by
tni=1,0<i<n.

In order to make both X and Z measurable with respect to the same kind
of filtration, we have to define a new probability space (2, F, (F;):, P), which
accommodates both processes. To this end, we assume similarly to the setting in
Jacod et al. [14] that one has a second space (20, FO_ (FM),ei01, PY), where
QM denotes R®U and F® the product Borel-o-field on Q). Furthermore,
for any ¢ € [0,1] we define Q,(w®,dz) to be the probability measure, which
corresponds to the transition from X,;(w(®) to the observed process Z;. In the
case of i.i.d. noise, this transition kernel is rather simple. We define at last
PW (w0 dw®) to be the product ®ye(01)Q:(w?, ). By construction, (Z;); can be
regarded as the canonical process on (QW), F P with the natural filtration
given by F\" = ¢(Z,: s < t). The filtered probability space (€2, F, (Ft)eeo,1), P)

is then defined as

Q=00 x Q) F=FO x 7). Fi=.s, FO « 7O ’s
P(dw®, dw™) = PO (dw®)PM (w® dw®), (2:3)

Remark 1 Note that this setting refers in view of Jacod et al. [14] only to a
special case of a noisy observation scheme. However, even in the more general

case presented therein the process Z exhibits a decomposition of the form
Zt = Xt + ht<w(0))Ut,

where conditionally on F©) the U, have mean zero and unit variance, and (U, Us)
are mutually independent for all t # s. This representation as well as the results
from Jacod et al. [1]] indicate that main results from this paper may be derived

in the general setting as well.

Before we are able to define the class of bipower-type statistics BT (I, 1), we
have to introduce some further items and notations. First, we choose a sequence

k, of integers, for which a positive number 6 satisfying
kn 1
% = 8 -+ 0(n71) (24)

exists, and a nonzero real-valued function g, which fulfills the following condi-

tions:
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(i) g vanishes outside of (0, 1)
(ii) ¢ is continuous and piecewise C*
(iii) Its derivative ¢’ is piecewise Lipschitz.

We associate with g the following real valued numbers:

n % 1 n n— n
gr=9(E), = fylgls)Pds,  Wn =L (g0, 2.5)
1 n n— n n ’
U = fo (9/(3>>2 ds, YT = kn Z?:o 1(9¢+1 -9 )2-
Furthermore, for any process V' = (V;) we define the random variables
Vit =Vi, AV =V =VI,
AN n n n Evak kn  nAn (26)
ALV = ithn Vi, Vi = Zj:l 9; AiJrj‘/'
Note that V can be represented as
Vi=[  guls— —)dVe  with ga(s) = Do a(s) (27)
i =

For any process V and two arbitrary positive real numbers [ and r the bipower-
type statistic BT (V,1,r),, is then defined as

n—2kn+1
BT(V,Lr)y =050 3" [VIVi " (2.8)
=0

If we simply write BT'(l,r),, we assume that we define this statistic with respect
to Z. At least one example for a bipower-type estimator has already been studied,
since in Jacod et al. [14] a slight modification of BT'(2,0),, was shown to be a
consistent estimator of the integrated volatility of the underlying process X.
This class of estimators generalises the approach of modulated bipower varia-
tion as proposed in Podolskij and Vetter [18] in a twofold manner: First, instead

of using the simple kernel function

g(x) = (@A (1 —x)"

we allow for different types of weights on the increments A'Z. Similarly to
Podolskij and Vetter [18] the choice of k,, ensures that the stochastic orders of
X, and U, are balanced, which explains why characteristics of X and U will

both be present in the stochastic limit and the central limit theorem. Second, we
mn

do not only sum up such statistics Z, , which are defined over non-overlapping

7

intervals of length %“, but use all available statistics up to time 1 — % This
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change does not affect the behaviour in the stochastic limit, but certainly it
increases the estimator’s efficiency.

A third generalisation towards multipower-type statistics, which can be de-
fined as sums of products of more than two adjacent pre-averaged statistics, will
not be derived in this paper. Inferences about these estimators can be obtained
by extensions of the following results in a straightforward way.

Occasionally, we assume X to be a general semimartingale as defined in (1.3).
Its representation is then defined as in Jacod and Shiryaev [16]: 1 denotes a jump
measure and v its predictable time compensator, whereas integrals of optional
functions V' with respect to a random measure p are denoted by V x p. & is
assumed to be a fixed truncation function, which is continuous, has compact
support and coincides with the identity on a neighbourhood of zero. ' is defined
via k'(z) = x — k(). Moreover, X denotes the continuous martingale part and
(B,C,v) with C =< X¢ X°¢ > are the predictable characteristics of X.

3 Asymptotic theory

In this section we study the asymptotic behaviour of the class of bipower-type
estimators BT(l,7),, I, > 0. In the pure diffusion case we obtain stochastic
convergence for each choice of [ and r under mild assumptions, since apart from
a moment condition on the noise process U no further assumptions on Z are
needed. In order to prove a central limit theorem we have to modify the setting
slighty, but are still able to derive results for a large class of volatility processes.
In the semimartingale framework we will restrict ourselves to less general choices

of [ and r.

3.1 Consistency

We start with the statement of the stochastic limit in case X is a continuous Ito
diffusion as defined in (1.1).

Theorem 1 Assume that E|U|?\*7+¢ < oo for some € > 0 and let pi, denote the
r-th absolute moment of a standard normal distribution. Then the convergence

in probability

1
1 r
BT(l,7), L, BT(l,r) = Mlﬂr/ (Oapgo? + gwluﬂ)% du (3.1)
0

holds.
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The moment condition on U is crucial to replace the moments of U? by the
corresponding moments of a standard normal distribution which only depend on
w?.

Remark 2 Theorem 1 indicates that the class of bipower-type estimators is in-
consistent for any integrated power of volatility. However, when | + 1 is an even
number, a modification of BT (l,r), similar to the one in Podolskij and Vetter

[18] turns out to be consistent. This can be illustrated as follows: Since
o= L zn: |A?Z|? (3.2)
2n — " "

is a constistent estimator for w? (see e.g. Zhang et al. [22]), one obtains con-
sistent estimators for integrated powers of volatility, as long as one is able to

estimate and substract the bias due to w?* in the stochastic limit BT (l,7). When

HTT s an integer, this is of course a simple application of the binomial theorem.

The special case of BT(2,0), has already been treated in Jacod et al. [14], where

1
LIUPS I [ (3.3)

A 1
C"=—BT(2,0), —
g, T30

was introduced as an estimator of the integrated volatility.

However, if X is supposed to be a general semimartingale of the form (1.3)
admitting jumps, Theorem 1 does not hold anymore. Nevertheless, in the spirit
of Jacod [12] it should be possible to show stochastic convergence of BT (I, 1),
(or a rescaled version), where the limit depends both on the choice of [ and r and
on additional assumptions on the processes involved. Since the general theory
is beyond the scope of this paper, we restrict ourselves to some special cases,
in which we need an additional assumption on the characteristics of X, which
ensures that its drift and its continuous martingale part are given by an Ito dif-

fusion. Furthermore, a certain structure on the compensator v is imposed.

(H): The characteristics (B, C,v) of the semimartingale X are as follows:

t t
B, = / a, ds, C, = / o? ds, v(dt,dr) = dt F,(dx),
0 0

whereas the processes (as) and (Fy(®Ps)) are locally bounded and predictable.
Here, Fy(f) denotes the integral [ f(x) Fy(dx) and

O, () =1A |z,
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r > 0. Moreover, (o) is assumed to be cadlag.

This condition is the same condition as in Jacod [12]|. It implies that X; can

be represented in the following way:

t t
X, = Xo—l—/ Qg ds+/ o, dW, (3.4)
0

+ /Ot/R/{oé(s,x)(;—y) (ds,dx)+/0t/]Rn'O5(S,$) p(ds, dx),

where p is a Poisson random measure on R, X R with its compensator v(dt,dz) =
dt x dz. ¢ is a function from Q x R, x R to R, such that F;(w, dx) is the image
of dz under the mapping = — 0(w, s, x).

We can now state a result about the stochastic convergence of BT'(l,r), in

the general semimartingale context.

Theorem 2 Assume that the underlying process X is given by (1.3) and that
both (H) and the conditions on U from Theorem 1 are fulfilled. Then

(1)
1
1
BT(2,0), - / Obno? du+ 00 Y |AX,[? + 5@@1& (3.5)
0

s<1

(11) If IV r <2 then BT(l,r), is robust to jumps, i.e. it converges in probalility
to BT (l,r) as given in (3.1).

We conclude easily that

'le d)z

1
—BT(2,0), —
( 70) 02#}2

O1s

is a consistent estimator for

1
XX = [ otds 4 1A
0 s<1
which is the quadratic variation of the process X at time 1. Moreover, we have
BTV —n = BT(2,0), — i 2BT(1,1), = 01 > |AX,]. (3.6)
s<1

Therefore, a slight modification of BTV,, quantifies the part of the quadratic
variation, which is due to jumps. Based on this statistic we will in the following
derive feasible tests for the presence of jumps in the latent process X. As second
test will be based on the ratio of BT'(2,0),, and BT (1,1),.
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Statistics like BT'V,, are somewhat similar to the ones obtained by applying
the original concept of bipower variation, which serves as an alternative method
for the estimation of the integrated volatility in the presence of jumps, when no

market microstructure noise is present.

3.2 Central limit theorems

In this paragraph we present a central limit theorem for a normalised version of
BT(l,r),, where X is given by (1.1), i.e. having continuous paths, for the first
part of this section. As mentioned before, further assumptions on the process Z
are required. At first, we need two structural assumptions on the volatility pro-
cess o, which are already known to be required for the proof of the central limit
theorem for bipower variation in the no-noise-case, but were also used to derive a
central limit theorem for modulated bipower variation (see e.g. Barndorff-Nielsen
et al. [4] or Podolskij and Vetter [18]).

(V): The process o satisfies the equation

; t t
o = 0y +/ a, ds +/ ol dW +/ vl dVs. (3.7)
0 0 0

Here d/, 0’ and v are adapted cadlag processes, with @’ also being predictable

and locally bounded, and V' is a second Brownian motion, independent of W.
(V’):  The process o2 is greater than zero.

Assumption (V) is fulfilled in many widely used financial models (see Black
and Scholes [8], Vasicek [20], Cox et al. [10] or Chan et al. [9] among others),
since whenever X is a unique strong solution of a stochastic differential equation
with a volatility function o, = o(t, X;) being smooth enough, condition (V) with

vl = 0 holds as a simple consequence of Ito’s formula.
The assumptions on the noise process U are less restrictive than in Podolskij

and Vetter [18|, where it was assumed that U follows a normal distribution.

(A):  For the noise variables U we have the following conditions:

(i) U is distributed symmetrically around zero.



M. Podolskij and M. Vetter: Bipower-type estimation

(ii) For any 0 > a > —1 we have E[|U|*] < occ.

(A’):  Cramer’s condition is fulfilled, that is lim supy,_ x(t) < 1, where x

denotes the characteristic function of U.

The first condition is of fundamental importance, if at least one of the powers
[ and r is smaller than one. In this case the corresponding central limit theorem
for the classical bipower variation relies on the fact that the normal distribution
satisfies both properties from (A). We will see later that for our purposes one
has to proceed in a similar way, which explains this additional assumption on
the noise process. (A’) will be used in order to remove the intrinsic bias in the
pre-averaged statistic |7Z|l, when the power [ is not an even number. Typically
we replace the moments of |n5UZ|l by the corresponding moments of a normal
distribution. The error due to this replacement can be controlled by an expansion
of Edgeworth-type, for which (A’) is a standard assumption. As in the previous
section, we need an additional moment condition on U as well, depending on the
choice of [ and r.

All central limit theorems stated below will make use of the concept of stable
convergence of random variables. Let us shortly recall the definition. A sequence
of random variables G, is said to converge stably in law with limit G (throughout
this paper we write G, Dat, ), defined on an appropriate extension (2, F’, P')
of a probability space (2, F, P), if and only if for any F-measurable and bounded
random variable H and any bounded and continuous function f the convergence

lim E[Hf(G,)] = E[Hf(G)]

n—oo

holds. This is obviously a slightly stronger mode of convergence than convergence
in law (see Renyi [19] or Aldous and Eagleson [2] for more details on stable
convergence).

Since we want to use BTV, as defined in (3.6) to establish a test for the
presence of jumps in the underlying semimartingale, we state a central limit
theorem for 2-dimensional arrays of bipower-type statistics. Therefore, we fix

non-negative numbers [y, 11, lo, 7o and set

frll = BT(ll, rl)n - BT(ll, 7’1), (38)
fi = BT(Z27 Tg)n - BT<Z27 7’2), (39)
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Before we proceed with the central limit theorem for &, we have to introduce

some further notation. We define
hij(z,y, z) = Cov(|Hy|"|Hy|™, | Hs|' |Hy|™), (3.11)

where z is a real number, y and z are a two- and four-dimensional vector, re-

spectively, and (Hq, ..., Hy) follows a normal distribution with
(i) E[H)] =0 and E[|H|?] = y12? + yow?.
(i) HiLHy, HiLHy and Hy L Hy.
(i)
Cov(Hy, Hs) = Cov(Hy, Hy) = 212% + 2o0°
and

Cov(Hy, H3) = 232 + 240>

Each h;; can in principle be computed, but the calculations become rather com-
plicated, except for special cases.

Moreover, we set t = (01)s, %@/Jl) and define the functions

@ = o[ anatesdn h) =g [ g0 a
A = 0 [ et A =g [ g0

for s € [0,2]. Note that both f; and fy are 0 for s € [1,2], according to the
assumptions on g.

The conditional variance in the following limit theorem depends on the func-
tions h;; introduced above and will therefore not be computed explicitly. Never-
theless, we will explain afterwards, how it can be estimated consistently. This is

sufficient to derive feasible tests.

Theorem 3 Let ly,71,l> and ry be four positive real numbers and let X be given

by (1.1). We further assume (V) and (A), and impose additionally that U fulfills

E[|UIF™] < 0o for some s > (3 A 2(r1 + 1) A 2(re + 12)) and some € > 0. If any

l; orr; isin (0,1], we postulate (V’) as well, otherwise either (V’) or (A’).
Then

1. D
ni&, —5 V(ly,r1,la, ),

where the limiting process is given by
1
V(I la, ) = / Ohreiora(0) AV, (3.12)
0

10
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Here W' denotes a 2-dimensional standard Brownian motion, which is defined on
an extension of the filtered probability space (U, F,(Fy)i, P) and is independent

of the o-field F. The conditional variance of the limiting process is given by

1 1 l1,r1,l2,m2 l1,r1,l2,m2
v v (o) du = o 12 (0y) du
l1,r1,l2,m2 li,r1,la,r2 u l1,r1,l2,m2 l1,r1,l2,m2 u )
0 0 \Wps Woo
where

2
) =20 [l 1) ds
0

In the following we will drop the arguments indicating the dependence of v

and w;; on the choice of [1,7,l> and 7, for notational convenience.

Remark 3 Some of the assumptions can be relaxed, if all powers are even num-
bers. In particular, apart from the moment condition of U we only have to
postulate condition (V). This is due to the fact that even moments of the pre-
averaged noise process can be computed explicitly. One can see easily that these
moments converge to the corresponding ones of a standard normal distribution

fast enough.

Remark 4 A nice way to quantify the quality of estimators like C™ in contrast
to their modulated bipower analogues is to have a look at its performance in a

special setting. Suppose that the latent process is given by
Xt = O'Wt

for some positive constant o > 0. It is well-known from Gloter and Jacod [11]
that one has an efficient parametric bound for the asymptotic variance of any

2 namely 8c3w. It was shown in Jacod et al. [14] that in this

estimator for o
special case one can calculate the conditional variance in Theorem 3 explicitly

and obtains for the (probably most natural) weight function

glx) = (@A (1 —=))"

an optimal bound, which is roughly 8.50%w. This is not only rather close to the
optimal bound, but also a huge improvement, since the related estimator discussed

in Podolskij and Vetter [18] has an optimal variance of about 2003w.

As mentioned earlier, we are able to estimate each entry fol w;;(0y) du of the
conditional covariance matrix. To this end, we fix ¢ and j and choose some real
number @ € (0, 1). Moreover, we define

~ Litr; 1 — —
n o 3 71 mn 1 n r
Zpi=mn 1 27| 11{\7;|<n*7’}’2m+kn|

3 —
Lyzr o 1<n—=)

11
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as well as

An 1 n 7n 7n n n
Xm,l = §<Z 1(Zm+l,j Zm+2kn,j> + Z <Zm+lz Zm+2k:n, >>

for any 0 <m <n—4k, +1and 1 <[ < 2k,.

Note that the truncation in the definition of ZT’}” is necessary in order to
obtain an estimator for the variance in the central limit theorem, which is robust
in the presence of jumps. It could be removed, if one wants to establish a feasible

result only in model (1.1).

Lemma 1 If all conditions from Theorem 3 hold true and if U further satisfies

E[|U|*+¢] < oo for s’ = % and some € > 0, then the statistic
4

—4kn+1 2k, —1

D>

m=0 =0

m\»—'| ro

converges in probability to fol w;j(oy) du, both in model (1.1) and in model (1.3),

as long as condition (H) is satisfied.

Remark 5 The moment condition on U in Lemma 1 is necessary to ensure that
the probability of nﬂﬁ?[ exceeding some threshold of the form ni=% becomes
sufficiently small. An alternative approach could involve less moments, but the
additional assumption (A’) in order to perform a similar type of Edgeworth ex-

pansion as in Theorem 3.

To derive a test for jumps we have to specify the hypotheses first. Note that
even if the process X allows in principle for jumps, the realised path s — X (w(o))
does not have to have jumps at all. Obviously, in this case there is no way to tell
whether the process comes from model (1.1) or from model (1.3), since we are
just able to distinguish between continuous and discontinuous paths of X. We

therefore partition the set €2 into the following two subsets

Q. =00 x Q0  and Q=00 x QW

with
QO = (WO s X (W) is continuous on [0, 1]},
Q&O) = {0 : s X, (w?) is discontinuous on [0,1]}.

Exploiting the properties of stable convergence, we are now in a position to

derive a test for jumps in the underlying process X, since we know from Lemma

12
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1 how to estimate the conditional variance of the limiting process V' in Theorem
3. Recall BTV, from (3.6), which converges to a stricly positive quantity in the
presence of jumps. If we choose I; = 2, r1 = 0 and I, = r5 = 1, we obtain the

representation
BTV, =&, — i &

Under the null hypothesis of no jumps, this statistic converges stably to a mixed

normally distributed limit with mean zero and a conditional variance

1
72 :/ d*(o,) du,
0

where d? is given by

wyp W 1
d* = (1 —Mf2> (wn w12> ( M—z) = (wi = 2p7 " wiz + p17 “wae).
12 Wa ) \—Hy

Since we are able to estimate each f01 Wye(0y) du by w,,, we have a natural
estimator 72 for 72 as well. We conclude from the properties of stable convergence
that the standardised statistic

(3.13)

converges stably to a standard normal distribution as a consequence of the gen-
eralised delta method.

We denote with u,, the a-quantile of a standard normal distribution and define
L") ={S" > u1_4}.
We obtain for the null hypothesis Hy : w € QY the following theorem:

Theorem 4 Assume that the conditions from Theorem 8 and Lemma 1 hold
true. Then the test defined by

1, we L")
0, wée L"(a)

pr1(w) =

fulfills
lim P(¢1(w) =1|Q) = «

in model (1.1), for any choice of the functions a,o and 8, and has therefore the

asymptotic level ov. Moreover, it is consistent, since
lim P(p1(w) =1|Q) =1

holds in model (1.3) and under (H) as a result of Theorem 2 and Lemma 1, again
for any choice of a,o and 6 with P(Qy) > 0.

13
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This result can be proven in the same way as Theorem 6 in Ait-Sahalia and Jacod
[1], where it was shown that the asymptotic behaviour of Ito diffusions and of
Ito semimartingales without jumps is essentially the same.

A second test can be based on the ratio of the two bipower-type statistics

1 pi?
—BT(2,0), and —BT(1,1),.
o0, (2,0) o, (1,1)

Since under the null hypothesis both statistics converge to the same quantity, its
ratio
BT(2,0),

BTR, = —— =0
pi*BT(L,1),

goes to one. Again with the aid of the generalised delta method, we conclude
that

ni(BTR, — 1) 2% MN(0,0?)
with

1
1
v = [ rrEtiten - 2+ wn)(e) du

By the same arguments as above we obtain a consistent estimator 02 for v? as

well. Therefore

ET=0) 2. N,

N

™ =n -
Un,

and the following theorem can be derived easily.
Theorem 5 Let

J @) ={T" > u1_q}.
Under the assumptions from Theorem 4 the test defined by

1, weJ"a)
0, wé¢ J"(«a)

pa(w) =

has the asymptotic level o and s consistent as well.

We conclude this section with a second proposition on the asymptotic be-
haviour of bipower-type statistics in the general framework of (1.3). As in the
case of stochastic convergence we will only show that the proposition from Theo-

rem 3 holds under the presence of jumps as well, provided that the powers [ and

14
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r are small enough. We will prove this result in the one-dimensional case only,
since the extension to the bivariate setting is straightforward.
Before we can proceed with the statement of the result we need an additional

condition on the semimartingale X', which is well-known from Jacod [12] as well.

(L-¢):  We have (H) and the process d(s,x) is predictable and left continu-
ous with right limits. Moreover, there exists a family of functions 7;(x) and a

sequence of stopping times T}, converging to infinity almost surely such that
10(s,z)| < vi(x) for all s < Ty

and

[ Buuta)) do < o

with ¢ € [0, 2], any k, hold.

Note that (L-¢q) implies (L-r), whenever ¢ < r < 2. The following claim is

closely related to Theorem 6.2 in Jacod [13] in the no-noise case.

Theorem 6 Let X be given by (1.3) and assume that (L-q) as well as (V), (V)
and (A) are satisfied. If further 54 <'li,r1 <1 and E[|U[**] < oo for some
s> (3A2(ry +11)) and some € > 0, then the stable convergence from Theorem 3

holds in the univariate setting, that is ls = r9 = 0.

4 Appendix

In the following we assume without loss of generality that a and o as well as @',
o', v" and F;(V,) are bounded, which can be justified by a standard localisation
procedure as explained in Barndorff-Nielsen et al. [4] and Jacod [12]. By the
same arguments we can also replace the functions 7, in condition (L-¢) by a
bounded function 7. Constants appearing in the proofs are usually denoted by
C' and may be dependent on the bounds of the various processes in (1.1), (1.3)
and (3.7). We write C,, if these constants depend on an additional parameter p.

Main parts of the proofs will base upon the concepts and calculations pre-
sented in Podolskij and Vetter [18], hence we will refer to details illustrated
therein quite often. Nevertheless, the proof of Theorem 3 is much more involved,
due to the strong correlation between the summands in (2.8).

We show first that replacing ¢ and ¢} defined in (2.5) by its limits ¢, and

19 does not affect both the consistency statement and the central limit theorem.

15
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Lemma 2 [t holds
! 1 ! 1 !
| vzt Gunaty au= [ @uat+ iy du= o)
for all r,1 > 0.

Proof of Lemma 2 Using the mean value theorem and the boundedness of o

one obtains the result, if both
Y — Yy = o(n’i) and g — )y = o(n’%)

can be shown. The first proposition follows from
kn—1 =

" " " 1 i+1
vy o= ky ;(gi—&—l — G )2 = k_n ;(g/(&))z for some &; € |:k_n7 K }

- /O (¢ (2))* dz + O(kl) = + O(nii)a

n

using (2.4) and the approximation error of a Riemann sum, since ¢’ was assumed

to be piecewise Lipschitz. The second assertion can be proven analogously. [

Prior to proving the stochastic convergence of the statistic BT'(l,r),, note

that it can be represented in the following way:

kn
BT(,r)y=n"2> MBV(l,r)",

m=1

where M BV (I,7)" is given by

n

MBV(l,r)y, =n7t"2 |7ikn+m|l|72+1)kn+m|r- (4.1)

Each of these new statistics turns out to be a slight generalisation of the mod-
ulated bipower estimators as proposed in Podolskij and Vetter [18]. Therefore,
Theorem 1 follows from the following proposition, which proves consistency of

all quantites M BV (I,r)” in a uniform way.

Lemma 3 There exists a sequence of random variables v, converging to zero in

probability, for which
1
MBV(l,r) — EBTU’T) <M (4.2)
holds for all m < k,.

16
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Proof of Lemma 3 This proposition can be reduced to Lemma 2 and the corre-
sponding assertion in Podolskij and Vetter [18], up to some minor changes. The
crucial step in the proof of Theorem 1 therein is to assure that niU? converges
weakly to a normal distribution; however, this follows in our context, since Lin-
deberg’s condition is satisfied due to the assumptions on g. Uniform convergence
can be obtained, since the convergence to zero of any statistic M BV (I, r)" is
obtained by the fact that ¢ is supposed to be bounded and cadlag, regardless of
m. 0

Proof of Theorem 2
The first part of this theorem is shown in Theorem 3.2 in Jacod et al. [15]. For
the second proposition observe that up to the choice of k the semimartingale X

can be written as follows:
Xi = Xo+ Q¢+ N(e): + M(e): + B(e)y, (4.3)
for any € € (0, s], s small enough. The auxiliary processes are defined as
N = (@lgepg) v M= (lgaga) « (e —w),  (44)
B(e)y = By — (k(x)lfg>e) * v, Q; = /Ot os dW. (4.5)
We set further
Zy=Xo+ Qi+ Uy and Z! = N(€); + M(e), + B(e):.

We already know from Theorem 1 that BT(Z’,r, 1), converges in probability to

BT (r,1), which forces us to prove

EHBT<Zv r, l)n - BT<Z/7T7 l)”H - O

We have
n—2kn+1
I+r
BT(Z,r,1), — BT(Z'r,l)s = > n & 'pr
=0
with

= (2 = 7, 7) + P (01~ 12701,
Recall (2.7). Since
E[[Z77| F:] < Cyn

17
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for any positive ¢ such that E[|U|?7] < co and
EZ70F.] < Cynt

for all 0 < ¢ < 2 and by taking successive conditional expectations, it suffices to

show that

swni B|||Z;1 ~ 127"

|f%} < ay

for some deterministic sequence «,, converging to zero and all 0 < ¢ < 2. How-
ever, it has been shown in the proof of equation (15) in Ait-Sahalia and Jacod

[1] that this property follows from
E[|Z7 > An"3|Fi] <n 20, (4.6)

for another deterministic sequence (3, which goes to zero. In order to prove (4.6)

we define
itkn

al(y) = E| / /{ L @ale) Rd) )

which is bounded due to the condition on Fy(®;) stated in (H). Let us now study
the impact of the last three summands in (4.3). Again by (2.7) we have

it+kn

M(e), < C / " dM(e), = CATM (e),

and a similar result holds for N(e) and B(e). Therefore, these quanitites can
be treated as increments of processes over small intervals, whose properties have
already been studied in the proof of Lemma 4.1 in Jacod [12]. We conclude from

the observations therein that the following two inequalities are valid

—n —n k‘n
E[[M(e); ') < Caj(e)  and  [B(e);| < O
€
1\/[OI‘€OVGI'7 Wwe Call prove
P(APN(e) #0) < Ce ?n 2 (4.7)

analogously to the related statement in Jacod [12] as well. Therefore, we can

conclude along the lines of Lemma 5.12 in the same paper that
772 + n=s
EZ7P Pl Fy) < Cn73 (Tt = 4 1(9))

holds for all n > 0 and € € (0, 1), and with I'(§) — 0 as 6 — 0. This finishes the
proof of (4.6), and Theorem 2 follows. O

18
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Before we come to the proof of Theorem 3, we introduce an auxiliary result
on Edgeworth-type expansions for triangular arrays of random variables X, ;,
where the X, ; are independent, but not identically distributed. Recall first that
the v-th cumulant s, of a random variable X is defined to be the coefficient of
L (it)” in a power series expansion of the cumulant generating function log(x(t)),
that is

log(x i ll
1=0

provided such a series exists, at least up to order v. In the case of a triangular
array, each X, ; has different cumulants &, ,,;, which makes standard results on
Edgeworth expansions unavailable. Nevertheless, we will state a result closely
related to a theorem in Lahiri [17], for which we need some additional notation.

Consider a series of real constants (v;). We then define for any integer s the
formal polynomial

S

Py(z: () = i Z H’ymz e,

m!
m=1 J17 ’]ml 1

where 37
with

. denotes the sum over all m-tupels of positive integers ji, ..., jm

ij‘ =S
i=1

and an empty sum is defined to be 1. We see easily that the coefficients only
involve such 7; with ¢ < s + 2. Moreover, P, is even, if and only if s is even. We

set further

P(—=¢: (%)) = P(—=D: (7)) &,

where D is the differential operator, applied to the normal density ¢. At last,
we define Ps(—® : (;)) to be the signed measure on R, whose density is given
by P,(—¢ : (74)). As usual, P¥ denotes the distribution of a random variable X.

By definition, Py(—® : (7;)) is ® itself, whereas any other measure Py(—® :
(7i)) has an even density for even s and an odd density for odd s. The following
Lemma is a refinement of Theorem 6.1 in Lahiri [17], which can be proven in the

same way as Theorem 6.2 therein.
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Lemma 4 Let (X, ;) be a triangular array of row-wise independent real-valued
random variables X1, . .., X, with zero mean and * > BIX7 ] =1 for each
n. Suppose further that the following conditions are satisfied for some integer
s >3 and some § € (0,3):

(i) Ty oo n ™t ) B[| X0 1 Jo)] =0

{1Xn,51>n2

(ii) Umsup,,_, . pn,s < 00 with py, s = %Z}Ll El| X, 1°]-

(iii) For some positive sequence (n,) with n, = o(n™"2") we have

limsup sup{|x,(t)|;16(pn3) " < [t| <m% i =1,...,n} <1,

n—oo

where xJ, denotes the characteristic function of X, ;.

Then for every real-valued, Borel-measurable function f satisfying

M,(f) = sup (1+ |2PL2)y Y f(2)] < o0

zeR

we have

[\V]

sS—

[ (P = o0 SR (1)) < € ME) 6.+ C. (2 £.8), (49

r

Il
=)

where S, = n-z Z?Zl Xnj, Kun 18 the average v-th cumulant of X, ; for j =
1,...,n, C and Cy are suitable constants, 9, = o(n’%) and

(e f, @) = / wile,n) p(e) de,  wiles)= s |[f@) - F(2)]

y,ZG(Q?—E,{B+E)

(4.8) holds uniformly over a class of triangular arrays, as long as the conditions
(i) - (iii) hold uniformly as well.

Note that the existence of the s-th moment implies that all cumulants up to
order s exist as well. Therefore, any P,(—® : (k,,,)) is well-defined for r < s —2.

Lemma 4 can be used to prove that the error due to the approximation
of moments of pre-averaged statistics by the corresponding ones of a normal
distribution is of a smaller order than n~1. Let us first introduce some further
notation. We define the class of random variables

fn—1
Vzm - Z 9; (o AW 4+ AYLU), (4.9)

j=1

with m < 4 and the convention 7? = 771 These quantities are approximations

for the random variable Z, , since we exchanged the increments of X over small
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intervals by the associated increments of the underlying Brownian motion W
times o evaluated at some time point **. Moreover, we set
n Lhtrm —=n 0 r
ny=n * [Y,] Ykl (4.10)

for arbitrary non-negative powers [ and r.

Lemma 5 Let X be given by (1.1) and assume that U satisfies condition (A) as
well as E[|U|*T¢] < oo for some s > (3A2(r+1)) and some € > 0. Moreover, we
have either (V’) or (A’). Then

]_ T 1
Bl \F 2] = prpun(00a + 511™) % + 0,(n7), (4.11)
uniformly in i.

Proof of Lemma 5 Note first that without loss of generality is suffices to prove
the result in the case r = 0, since Y, and 7?+kn are conditionally independent.
We set f(x) = |z|" and find that

B\ 7] = / J dPUin,

where
/ 1 1 n n n -k -1 - n
Uy, = n? Z <%U:ng Nitj + (9521 — 9 >Ui+j> = fin 7 Zriﬂ"
=1

o.i can be treated as a non-random quantity and the N; are i.i.d. standard

normal variables. By definition, U], has mean zero and a variance of

which converges to 03 01, + 511w? for any fixed i. Therefore (4.11) follows from

a similar argument as in the proof of Lemma 2, once we have proven that

| / fd(PTn — @)| = o(n ), (4.12)

Ln ig g standardised sum with mean zero and unit

Ti,n

uniformly in ¢, where U’;,, =
variance.
Let us first add some comments on Lemma 4. For the choice of f as above,

a simple calculation shows that

w(e; f,P) = Ofe).
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We conclude that whenever Lemma 4 holds,

[ ra(es - szfném—@ ()| = o(n™F)

follows for such a function f, provided the conditions s > 3 and L%J > 5 are
satisfied.

For our purposes it is sufficient to use the expansion to first order. If we
assume that the conditions for an application of Lemma 4 are satisfied for an

integer s as specified in Lemma 5, we can conclude

| /f AP @~ AR (R)| = ok 2 = ofn ),

lZ”, j < ky. Since P (= :

n

where R, ;, denotes the average v-th cumulant of

(F1in)) has an odd density and f is an even function, we have

/f AP (—® : (Frin)) = 0

and (4.12) follows. We are therefore left to prove that the assumptions (i) — (i7)
on Uj,, are fulfilled, uniformly in i.

(7) and (#7) follow easily from an application of Holder’s inequality, whereas
in order to prove assumption (i77) we fix 7 and denote by X7 the characteristic

function of I'?, ;/7;,,. With

1 1
R n n _ Li5/n n
Lhy=n 4kn0%ngi+j and L =niki (971 — 97)Uiyj
we have

X5 (0)] = [Elexp(itT7, ; /7]l = |Elexp(tly; /mi)]| |Elexp(itly} /min)]1(4.13)

. /n //n
since I'}; and I'; ¥,

If we additionally have (V’), we can assume that o is bounded away from

are independent.

zero as well. This is again justified by a standard localising procedure, since
one can find a sequence of stopping times 7}, converging to infinity, such that
02 > Cy > 0 for all s < Ty. Thus we can use the fact that the latter term on
the right hand side of (4.13) is bounded by one, whereas the first quantity is
the absolute value of the characteristic function of a normal distribution with

variance ) 5
n
N knos (gj )
_ n

i?jvn - % 2
nzTs,

(%
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Therefore we have

ey Uiz i,n 2
(0] < | Blexp(itT /)| = exp(— )
Since v7;,, is now bounded from below, (iii) follows immediately. On the other

hand, if we impose assumption (A’), we can focus on the characteristic function
1
of FZ—T—L] We set h';L = n%k}% (g;L_l - gjn) and obtain

G ()] < [ Blexp (T} /7i0)]| = [ Blexp(i(h} /7i)tUis)]].

Since h} /Tin is bounded both from above and below, uniformly in 4, j and n, we

readily obtain the result. 0

Proof of Theorem 3
Here we will use the same "small blocks - big blocks"-technique as presented
in Jacod et al. [14], which unfortunately needs a lot of additional notation.
Precisely, we first choose an integer p, which later will go to infinity, and partition

the n observations into several subsets: Set
a;(p) =2i(p+ 1)k, and bi(p) = 2i(p+ 1)k, + 2pk,

and let A;(p) denote the set of integers [ satisfying a,;(p) <1 < b;(p) and B;(p) the
integers between the two sets A;(p) and A;11(p), namely those fulfilling b;(p) <

| < a;+1(p). We further define j,(p) to be the largest integer j such that b;(p) < n
holds (that means: A;(p) and B;(p) can be accomodated in the set 1,...,n
Jn(p) + 1 times each), which gives the identity

(D) = Léﬁ;}%%ifiij —1. (4.14)

Moreover, we use the notation i,(p) = 2(jn(p) + 1)(p + 1)k,.
We set further

T = Vil Y ik ml™ = BIY ol [V i ™ 1 F ], (4.15)
T = Vil Y iml™ = BIY Y ikl | F ] (4.16)
and define
n - 2T§‘al() j € Ai(p) n’ T/?al() Jj € Ai(p)
Y/jn: ntE QT]b(p)7 j € Bi(p) };/;‘L: nm QT/J(’ @ J€Bilp)
R > () nOEEY L > (p)
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as well as
bj(p)-1 bi()-1
C(pa 1)7 = Z an and C(pa 1)/7 = Z Y/l ) (417>
l=a;(p) l=a;(p)
aj+1(p)—1 ~ aj+1(p)—1 ~
= > v and ((p.2)" = Y. (4.18)

1=b; (p) 1=b; (p)
We set at last
M(p)"=n"3 ??C@Jw M(p)" = 7z22h”cw,>
N(p)" =n QZ“ ¢(p,2)§ N(p)’"*n 2 2)] (4.19)
Cp=n"2Yy", ¥ Cp"=nzY", Y]
and note that

B[ (p, 1} Feyn] = 0 = BIC(p. 20| Foo) (120

by construction. The same property holds for the corresponding prime variables.

The outline of the proof is as follows: We will first show that
ni(BT (L, 1), = BT (L)) = niH(p)" + F(p)"
holds, where F'(p)™ has the property

lim limsup P(|F(p)"| >¢€) =0 (4.21)

P=0  poo
and H(p), is given by
H(p)" = M(p)" + R(p)" with R(p)" = N(p)" + C(p)". (4.22)
In a second step we will prove
lim Jim sup P(|niR(p)"| > ¢) =0 (4.23)
for each € > 0. Similar results hold for the prime variables as well. These steps
ensure that it is sufficient to derive a joint limit theorem for M (p)™ and M (p)™

for any fixed p. The proof of this claim is given in the third step. Precisely, we

will obtain

IS

TMM@EM@%Eﬂwmzlm%mmm, (4.24)

where the 2 x 2-dimensional process v(o,, p) is bounded and converges pointwise

in p to the limiting process v(o,) as defined in Theorem 3. Therefore
1
V(p)-V (1,1, b, o) = / v(oy) AW, (4.25)
0
which will finish the proof.
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Lemma 6 [t holds

1

ni(BT(ly,r1), — BT (I, r1)) = ni H(p)" + F(p)",

where F(p)™ satisfies (4.21).

Proof of Lemma 6 First, we introduce some auxiliary random variables. Let

1+1

' = Z 1M Z |
and define
]n(p) B
D Y yem + Yyt i) tmsn)
j=0
as well as

in(P)

( Z aj (p)+m + é-zn +m1{ln(p)+m<n}>
=0

I\JM—‘

for any 0 < m < 2(p + 1)k,.

We first rewrite the two statistics in the following way:

. 1 ;
BT(ll,rl)n — BT(Z17T1> = n_% Z (‘:‘m - mBT(lla 7“1)) + Op(n 411)
2(p+1)kn—1
and H(p)" = n: AT
m=0

Thus we are left to prove

1 1
lim lim supP(‘nZ ((Z(p + 1), = 5BT(,m)) = 2(p + 1)A;)( > e> — 0,

P—0 n—oo
uniformly in m. Similar to (4.10) we define

+r
nzm =n+ |Yzm| ‘Yerknm'

We see easily that the claim follows, once we have proven the following two

equations uniformly in m and p:

—
=

Jn(p

1
20+ 1072 Y Bl gy Fasw] = BT (hm) = 0p(n%) (4.26)

=0
L Jn(p) L
2(p + 1)”‘75 Z(égj(p)er - ngj(p)er,aj(p)) = OP(niz) (427>
=0
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The convergence in (4.26) can be concluded from an application of Lemma 5,
(2.4) and the approximation error of a Riemann sum.

For the proof of (4.27), we will use related propositions in Barndorff-Nielsen
et al. [4]. Note that by the same arguments as in their work the result follows

from

—
=

Jn(p

N,

2+ )05 Y Bl (e — Moy pyam| Finka] = 0, (4.28)

a;(p)

I
=)

j
uniformly in m and p. A close look at the sections 7 and 8 of Barndorff-Nielsen
et al. [4] shows that the proof of (4.28) works in the same way, provided one uses
assumption (A) in two places. One has to define a quantity similar to the one
in (7.11), whose absolute moments have to exist for all powers s € [0,1), which
holds in our context due to (ii) in (A). Secondly, one needs the symmetry of U

to conclude similarly as in part (4) of Section 8. O

We start our computations on H(p),, with a simple result on C'(p)™.

Lemma 7 We have
lim limsup P(|C(p)"| >¢€) = 0. (4.29)
P—0 n—oo
Proof of Lemma 7 For any fixed p > 1 is the number of summands in C'(p)"
bounded above by Cpn%. Moreover, each summand as well as the factor in front

of the sum is of order n=2. This gives the result. O
The next auxiliary result gives information about the order of N(p)”, this time
depending on the integer p.

Lemma 8 Assume that p is fived. Then

E[(niN(p)")] < (4.30)

= Q

18 valid.

Proof of Lemma 8 We know from (4.20) that the process

N[

k
Ly=n" C(p,2)]
j=0

is a martingale with respect to the filtration G(p)? = Fu,t , which implies

E[(nTN(p)")? < 4n"2 Y E[(((p,2)")? (4.31)
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via Doob’s inequality. Due to the assumptions on a and o we have
E[(Y])] <Cn7!,
independent of 5 and p. This yields

El(¢(p.2)7)] < C.

Hence we obtain the result, since j,(p) < C \/TE holds. O

It remains to show the stable convergence of ni (M (p)™, M(p)™).

Lemma 9 For any fized p > 2 we have

=

n

(M ()" M(p)™) 2 / o(0rp) AW, (4.32)

where W' is a standard Brownian motion independent of F. We have

W11 W12
Ut(o-uvp)v<0-uvp) - (Uu7p)
W12 Wa2

with
1—s

wiy(00,p) = 0 / @+ L (0wt £(5)) ds.

which converges pointwise in p to v*(oy)v(0oy).

Proof of Lemma 9 We define ((p)} = (¢(p, 1)},{(p, 1)}). Due to Theorem IX
7.28 in Jacod and Shiryaev [16] the following conditions have to be shown

Jn(p) 1
n S BN D) Fa] 2 / V(00 p)0(0up) du (433)
=0 " 0
In p) »
n= > ElCE)} 1 Fam] — 0 (4.34)
j=0 "
) ]n(p) P
n=i > E[C(p);AW ()} Faym] — 0 (4.35)
Jj=0 "
L ]n(p) p
n~i » E[C(p);AN(P)}|Faym] — 0 (4.36)

o

j=
with AV(p)} = Vijp) — Vao
bounded martingale N being orthogonal to W.

) for any process V' and (4.36) holding for any
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(4.35) is obvious, since ((p)} is an even functional in W and the distribution
of U is symmetric. Moreover, with the same arguments as in the proof of Lemma

8 we obtain

Elllcp);IT < C

which implies (4.34). (4.36) can be shown by the same methods as in the proof
of Lemma 5.7. in Jacod et al. [14].

We prove (4.33) only for the first entry of the matrix, since analogous proofs
hold in the other cases. Note first that Lemma 5 secures that we may proceed as if
U were normally distributed. We apply the fact that 37;” and }N/}" are conditionally
independent for |i —I| > 2k,,, from which

bj(p)—1bj(p)—
ElCp, )} Fuw] = 2> Z Cov (YY" Foyn) + O(n™")
" I=a;(p) =l
bj(p)—2kn—1[1+2k,—1

=2 > D Cov(iVFuwm)

I=a;(p) 0=l
bi(p)=1  bi(p)—1
+ 2 > Y Cov(VY | Foum (p>)+0( -1

bj(p)—2kn =l

= 191 (ULW)’ ) + 19 1(0-‘1j7(?ﬂ7p) + O(nil)

n

follows. By construction, the conditional covariance of both variables depends
only on |i — |, and can be expressed in terms of hj;, which was introduced in

(3.11). This time, we have for i,l € A;(p)

. 1 1—1
Cov(Y;" Y| Fuyn) = Cov (Y, () Vi +|i—l||f“j(’”):Eh”<0"f‘“’t"’fn<’ k ’>>

1
with ¢, = (:—g@bg, %w’f) and

kn(l_s) kn(l S
_1 1
fi'(s) = n72 Z 95 951 sk =n2 93+1 g]-&-skn_g?-&-l-&-skn)
§=0 =0
kn(2—s)
_1
fi(s) = n72 g?g?—&-skn—knv
=0
kn(2—s)
1
fi(s) = n2 (g?_g?+1)(g?+skn—kn_g;'L—l-skn—kn—H)‘
=0

We can conclude that

% Z O-aj(p)7 (4p - 2

=

]n P) 2kn—1

hi1(0a;w s tn, (7))

=0

3|?v
vlee| 3

<.
I
o
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holds. We will show that the quantity on the right side converges in probability

(2—]19)9/01/02h11(au,t,f(5)) ds du —: /01 /Ozp(u,s) ds du .

Remember that ¢t and f were defined following Theorem 3. In order to prove this

to

proposition we have to take a closer look at the function h;;. Note first that the

random vector H in the definition of hy; follows a representation
H=X(z,y,2) U,

where U ~ Ny(0,1) and 3(x,y, 2) is a lower triangular matrix, which is contin-
uous in all arguments. Since due to Lebesgue’s theorem ¥ — E[n(XU)] is for all
functions n, which are continuous and of at most polynomial growth, a continu-
ous mapping as well, we readily obtain that hq; itself is continuous. Therefore,

and since ¢ was assumed to be bounded, we deduce that

e 5) = (2= 1) JrlPL ¢

T Lumn)] 5 tns [
P () L b 7

mn (p) ky,

with my,(p) = 5 is itself bounded. Since

k ]n(p)2kn 1

(4p —2)— Zhn Ua]m,tn,f //pnus ) ds du
0 =0

n2
]:

its convergence to the quantity defined in (4.37) follows from Lebesgue’s theorem,
as long as p, converges pointwise to p for almost all (u, s) € [0, 1]x[0, 2]. However,
this follows from both (2.4) and (4.14) and from the fact that f™ is cadlag and
converges pointwise to f, o is cadlag as well and ¢,, converges to t.

A similar reasoning yields

=~

Jn(p ]n(P) 2kn—1

nié 19 O'a](p), = n 2 Z Z k _2Z h11<0'uj(:v>>tn7f ( ))

h // (2 = SV (0wt f(s)) ds du

Hence (4.33) follows with the first entry of v*(oy, p)v(oy, p) being equal to

2 1—s
6 / (24— (ot /() ds

The convergence stated in (4.25) can now be concluded easily. The processes

wyy and wyy as the other entries of the matrix v'v are obtained by the same
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arguments. OJ

Proof of Lemma 1 Without loss of generality we prove Lemma 1 for i = j = 1.

Recall the notation from the proof of Theorem 2, such that we can write
Zy=7Z,+ 7],

where the first process basically consists of the Brownian part of the semimartin-
gale plus the noise process and the second process contains the drift part and

the jump part of the semimartingale. We define the random quantities

N N
Vol (Vs I gl = I vl V)

and note from standard arguments that the stochastic convergence

n
Xij =

g ka1 2k 1 1
. P
20N > EwaE) L [ we) da
nz m=o0 =0 0
holds. With
Xz] = 1’Z/ |l1‘Z/z+kn|Tl (’Z/z+]|l1’Z/l+kn+]|h o | Z+2kn|ll|Zl+3kn| >

it remains to prove that both

2 —4kp+1 2k, —1
~ P
3 Z B[ = Xl F2] =0 (4.37)
and
2 —4kn+1 2k, —1
“n P
— Z Bl = Xl F2] — 0. (4.38)
nz m=0 =0

For the first result we can refer to the proof of Theorem 1 in Podolskij and
Vetter [18] once again, but this time we take a closer look on the proof than in

Lemma 3. Observe that it suffices to show

n—4kn+1 2kp

1+1
> X (BUZT 1 2 s, |7 V7 P 7
Jj=

M\DJ| Do

P
= Bl Yl Vgl Vel 2]) = 0

in order to obtain (4.37). However, since

N1 |5 N N N, N n n
|Z'; ‘ll |Z/i+kn|rl |Z'z'+j|l1 |Z,i+kn+j|r1 —-Y; |l1 |Yi+kn,i " |Yi+j,i|ll ’Yi+kn+j,i "

(Z71" = Y2, /N2 1 2 (4.39)

—n —n —n —n >N N N
Vil (127 M2 M 2 k™ = Y el Y i Y ol ™)
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we can conclude from Lemma 3 in Podolskij and Vetter [18] and through a

recursive argument that (4.37) is proven, as long as
P

—A4ky,
1=0 J

However, this follows in the same manner as in Podolskij and Vetter [18]
We will establish (4.38) solely in model (1.3), which is enough to obtain the
result in model (1.1) as well. Note that the claim reduces to the following two

M\H
<

Il
o

I\J\OJ| B

steps:
o " dknt1 2k .
rir4a
=D DI S o[ (ALl VA (S
ne G—o =0
n P
N |Z |ll|Zl+kn|Tl|Zl+J|l1|Zl+kn+]| )1ch ‘7:%] — 0
j fi] L 07

=N N —mn
(A Vv VO L Ve

and
+1q

2 _4k7l+1 an r
[ E n 2

3
nzo_o  j=o
where A, ; is the set on which at least one of the random variables |Z’,,| with

m=1,1+ kp,t+ J,1 + k, + j is larger than n=%. Since
Lznizn=y S Lz pogzy T Lz oazy
the second result is an easy application of Markov’s and Holder’s inequality, due

|
N

to
E(|Z7||F:] < Cn7i E[|Z"||F:] < Cn

and the moment assumption on U
The proof of the first claim is more involved. Note first that from a similar

argument as in (4.39) one can deduce the result from

o - dkntl 2k

. P
£ Z B2 2 27, 7 27 g 7 L ] 0,
=0 j=0
which can easily be reduced to the proof of
1P
n't E[|Z7, Nz <o =y Fi]s — 0

for some g = [y - § with § > 1 small enough and uniformly in 4. Since
Lzt ien—=y < Lgzmjcon—=y + Lgz7 pon—=y L2701 2n=y
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the claim can further be reduced to

L, 1 p
n 4 EHZ//’L |q1{|7?|2n—w}|~¢%]5 —_ 07

uniformly in 7. By means of Holder’s inequality and for some p large enough we

obtain
—-n 1 —-n 1 —n i p=1
BIZ7, 1 oy |FS ) < EIZT || F 155 PUZ) 2 0= FL)'5

Since the first term is bounded (uniformly in 7), but not necessarily of order n—4

as for gp < 2, we see that we are left to prove that
P(|Z7| = n==|F 1) = o(n” 1),
uniformly in ¢. From
7] < 1Qi1 + |T7| < CIATW| + [T
the claim can further be reduced to
P(T] >n"®) =o(n @) and  P(IATW|>n %) =o(n 1),
Both results follow easily form Markov’s inequality. For the first one we have
P(T7| 2 n=) = P(InT}| 2 n+™®).

Thus for some t > 1

___a .
(=) and some 7 > 0 we obtain

E[niT;

l,w)

< Cnf(ﬁﬂﬁj
n' B

P([U7| 2n™%) <

since the t-th moment of U is finite by assumption. The result for the Brownian

part follows in the same way. 0

Proof of Theorem 6

We start with some results that can easily be concluded from condition (L-¢),
g < 1. Recall that it is sufficient to replace the family of functions 7, by a
bounded function . Note then that (L-¢q) implies

[@rar <o

for all ¢ <r < 1, since with Ay = {|y(z)| <1} and A; = {|y(x)| > 1} we have

|v(z)|? dx < oo and A(A;) < o0,
Ao
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where \ denotes the Lebesgue measure. Therefore

()" de < [ [y(2)]" de < oo
Ao AO

and

|v(z)[" dx < C"A(Ay) < o0,
Aq

since v is assumed to be bounded.

Let further v(X), denote the variation process of some process X up to time
t. By assumption, « is a truncation function with bounded support, from which

we can conclude that
/i(x) S C’l{mgb}(l')

for some constants b and C'. We see easily that «« v, is of finite variation for any

t, since due to condition (H)
¢
v(k*v) < / /noé(s,x) d:c’ ds
o 'Jr
¢ t
< / /|5(S,[E)’1{5(57x)§1} dx ds +/ /|(5(8,$)’1{1<5(3’m)|§b} dz ds.
o JR o JR

For the first integral we have

t t
/ / 16(s, 2)|1(5(s,0)<1} dx ds < / /(|5(s,x)| A1) dx ds
0o JR 0 Jr

/O t / By (1(x)) d ds

< t/R(I)q(v(x)) dr < oo.

IN

The latter one satisfies

t t
/ / |(5(8,J})|1{1<|5(87$)|§b} dr ds < / / ”7($)|1{|7($)|>1} dx ds
0 R 0 JR

=t [ |yx)|dr <o
Ay

for the same reason as above. Therefore, X can be decomposed as

Xt:XO+§t+Qt+ZAXs>

s<t

with B, = B, — k 1, being of finite variation. @, denotes the continuous mar-

tingale part of X as in (4.3).
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Let us now come to the proof of Theorem 6. It is easy to see that B, inherits
all properties of a typical drift process. Therefore, we know that the assertion

from Theorem 3 holds for the process

"

Zt :XO +Et+Qt+Ut
It remains to show
niE||BT(Z,1,r)" — BT(Z",1,r)"|] == 0,

which similarly to the proof of Theorem 2 can be reduced to

swn' T B[ Z1 - 127
%

|]—1] < an, (4.40)

< [yl for p < 1 we

for all ﬁ < p < 1 and some «a,, — 0. From ‘|x + yP — |x|P

conclude that it is sufficient to prove
sup inHE[|7?\p|fi} < ay, (4.41)
with J; = ngt AX,. But

B|[TP\F:| < CE[[aTIPIF | <CB[ Y AX[IF:]

i i+k
e

i+ i+
<
1

' /\5(s,x)|p ds dx < C/ i /|’y(x)|p ds dx
R i R

Y

Z
n

C
< (Cn 2

whenever p > ¢q. (4.41) is then equivalent to ¢ < p < 1. On the other hand, for

q > p we conclude from Holder’s inequality that

B|[TPIF:| < BT 17" < cn b,
Therefore (4.41) holds in this case, provided ﬁ < p < q. We conclude that
(4.41) holds, as long as ﬁ < p < 1. This proves the result. O
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